Conserved charges and thermodynamics of the spinning Godel black hole by Barnich, Glenn & Compere, Geoffrey
ar
X
iv
:h
ep
-th
/0
50
11
02
v2
  2
1 
Ju
l 2
00
5
Conserved charges and thermodynamics of the spinning Go¨del black hole
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We compute the mass, angular momenta and charge of the Go¨del-type rotating black hole solution
to 5 dimensional minimal supergravity. A generalized Smarr formula is derived and the first law
of thermodynamics is verified. The computation rests on a new approach to conserved charges in
gauge theories that allows for their computation at finite radius.
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Black hole solutions in supergravity theories have at-
tracted a lot of interest recently for two main reasons: on
the one hand, higher dimensional supersymmetric theo-
ries play a prominent role in the effort of unifying grav-
ity with the three microscopic forces; on the other hand,
black hole solutions are preferred laboratories to study
effects of quantum gravity.
Among the supersymmetric solutions of 5 dimensional
minimal supergravity [1], a maximally supersymmetric
analogue of the Go¨del universe [2] has been found. This
solution can be lifted to 10 or 11 dimensions (see also
[3]) and has been intensively studied as a background for
string and M-theory, see e.g.[4, 5].
Black holes in Go¨del-type backgrounds have been pro-
posed in [6, 7, 8, 9, 10]. Usually, given new black hole
solutions, the conserved charges are among the first prop-
erties to be studied, see e.g. [11, 12, 13]. Indeed, they are
needed in order to check whether these solutions satisfy
the same remarkable laws of thermodynamics as their
four dimensional cousins [14, 15]. The computation of
the mass, angular momenta and electric charge of the
Go¨del black holes is an open problem, mentioned explic-
itly in [7] with partial results obtained in [16], because the
naive application of traditional approaches fails. The aim
of this Letter is to solve this problem for the 5 dimen-
sional spinning Go¨del-type black hole [7] and to derive
both the generalized Smarr formula and the first law.
Analytic expression for the charges. In odd space-
time dimensions n = 2N + 1, the Einstein-Maxwell La-
grangian with Chern-Simons term and cosmological con-
stant reads
L[g,A] =
√−g
16π
[R − 2Λ− FµνFµν ]
− 2λ
16π(N + 1)
√
3
ǫγαβ···µνAγFαβ · · ·Fµν . (1)
The bosonic part of n = 5 minimal supergravity corre-
sponds to Λ = 0, λ = 1. The fields of the theory are
collectively denoted by φi ≡ (gµν , Aµ). Consider any
fixed background solution φ¯i. The equivalence classes of
conserved n − 2-forms of the linearized theory for the
variables ϕi ≡ φi − φ¯i = (hµν , aµ) can be shown [17] to
be in one-to-one correspondence with equivalence classes
of field dependent gauge parameters ξµ([ϕ], x), ǫ([ϕ], x)
satisfying
{ Lξ g¯µν = 0,
LξA¯µ + ∂µǫ = 0, (2)
on-shell, i.e., when evaluated for solutions of the lin-
earized theory. Conserved n − 2 forms are considered
equivalent if they differ on-shell by the exterior derivative
of an n − 3 form, while field dependent gauge parame-
ters are equivalent, if they agree on-shell. If n> 3 and
under reasonable assumptions on the background g¯µν ,
the equivalence classes of solutions to the first equation
of (2) are classified by the field independent Killing vec-
tors ξ¯µ(x) of the background g¯µν [18]. For the back-
grounds that we consider below, the second equation
will then also be satisfied by taking ǫ = 0. It is then
straightforward to show that the system (2) admits only
one more equivalence class of solutions characterized by
ξµ = 0, ǫ = c ∈ R.
One then computes the weakly vanishing Noether cur-
rents
Sµξ,ǫ =
δL
δgµν
(2ξν) +
δL
δAµ
(Aρξ
ρ) +
δL
δAµ
ǫ, (3)
associated with gauge transformations. For second order
theories, the n − 2 forms kξ,c[ϕ;φ] = k[µν]ξ,c (dn−2x)µν are
defined through the formula
k
[µν]
ξ,c =
1
2
ϕi
∂Sµξ,c
∂φiν
+[
2
3
∂λϕ
i − 1
3
ϕi∂λ]
∂SSµξ,c
∂φiλν
− (µ↔ ν), (4)
with (dn−px)µ1...µp =
1
p!(n−p)! ǫµ1...µndx
µp+1 . . . dxµn and
∂Sφjµρ/∂φ
i
λν = δ
j
i δ
λ
(µδ
ν
ρ). The forms kξ,c[ϕ; φ¯] are closed,
dkξ,c[ϕ; φ¯] = 0, whenever φ¯ satisfies the equations of
motion, ϕ the linearized equations of motion and (ξ, ǫ)
the system (2). For the solutions (ξ¯, 0), one can write
2kξ¯,0 = k
grav
ξ¯
+ kem
ξ¯
+ λkCS
ξ¯
. The gravitational contri-
bution, which depends only on the metric and its devi-
ations, coincides with the Abbott-Deser expression [19]
and, if one computes in the Hamiltonian framework, with
the expression derived in the Regge-Teitelboim approach
[20]. Using the Killing equation, it can be written in the
Iyer-Wald form [21]:
kgrav
ξ¯
[h; g¯] = −δKKξ¯ − ξ¯ ·Θ, (5)
where
KKξ¯ = (d
n−2x)µν
√−g
16π
(
Dµξ¯ν − (µ↔ ν)
)
, (6)
is the Komar n− 2 form and
Θ = (dn−1x)µ
√−g¯
16π
(
D¯σh
µσ − D¯µh
)
. (7)
Here and below, δgµν = hµν , δAµ = aµ and after the vari-
ation, (g,A) are replaced by (g¯, A¯). We also assume that
the variation leaves ξ¯ unchanged. After dropping a d ex-
act form and using (2), the electromagnetic contribution
becomes
kemξ¯ [a; A¯, g¯] = −δQemξ¯,0 − ξ¯ ·Θem, (8)
where
Qemξ¯,c = (d
n−2x)µν
√−g
4π
(
Fµν(ξ¯ρAρ + c)
)
, (9)
Θem = (dn−1x)µ
√−g¯
4π
(
F¯αµaα
)
. (10)
The Chern-Simons term contributes as
kCSξ¯ [a, A¯] = −
N(dn−2x)µν
4
√
3π
ǫµνσαβ···γδaσF¯αβ · · · F¯γδ(A¯ρξρ).
(11)
For the solution (0, 1) of (2) corresponding to the con-
served electric charge, we get, up to a d exact term,
k0,1[a, h; A¯, g¯] = −δ(Qem0,1 + λJ), (12)
J =
(dn−2x)µν
4π
√
3
ǫµνσαβ···γδAσFαβ · · ·Fγδ. (13)
Consider a path γ in solution space joining the solution
φ to the background φ¯. Let φ˜ be a point on the path and
ϕ˜ a tangent vector at this point. Because kξ,c[ϕ˜, φ˜] is
closed if (2) holds with φ¯ replaced by φ˜, it follows that
Kξ¯,c =
∫
γ
kξ¯,c[dV φ;φ], (14)
with dV φ a one-form in field space, is closed when in-
tegrated along a path γ in solution space as long as
(2) holds for all solutions along the path [22] (see also
[23]). Explicitly, if the path is parameterized by φ(s) for
s ∈ [0, 1], we have
Kξ¯,c =
∫ 1
0
kξ¯,c[ϕ
(s);φ(s)], (15)
with ϕ(s) = ddsφ
(s). Whenever two n − 2 dimensional
closed hypersurfaces S and S′ can be chosen as the only
boundaries of an n − 1 dimensional hypersurface Σ, the
charges defined by
Qξ¯,c =
∮
S
Kξ¯,c (16)
do not depend on the hypersurfaces S used for their eval-
uation. Furthermore, the integrability conditions satis-
fied by kξ¯,c[dV φ;φ] imply, in the absence of topological
obstructions, that these charges do not depend on the
path, but only on the initial and the final solutions [24].
Mass, angular momenta and electric charge of Go¨del
black holes. We now assume n = 5,Λ = 0, λ = 1. The
Go¨del-type solution [1, 3] to the field equations is given
by
d¯s
2
= −(dt+ j r2σ3)2 + dr2 +
+
r2
4
(dθ2 + dψ2 + dφ2 + 2 cos θdψdφ), (17)
A¯ =
√
3
2
j r2σ3,
where the Euler angles (θ, φ, ψ) belong to the intervals
06 θ6π, 06φ6 2π, 06ψ < 4π and where σ3 = dφ +
cos θdψ. It is the reference solution with respect to which
we will measure the charges of the black hole solutions of
[7] that we are interested in. These latter solutions can
be written as
ds2 = d¯s
2
+
2m
r2
(dt− l
2
σ3)
2 − 2mj2r2σ23
+(k(r)− 1)dr2, A = A¯, (18)
k−1(r) = 1− 2m
r2
+
16j2m2
r2
+
8jml
r2
+
2ml2
r4
.
They reduce to the Schwarzschild-Go¨del black hole when
l = 0, whereas the five dimensional Kerr black hole with
equal rotation parameters is recovered when j = 0.
For the charges defined through (14) and (16), we
choose to integrate over the surface S defined by t =
cste = r, while the path γ : (g(s), A(s)) interpolating
between the background Go¨del-type universe (g¯, A¯) and
the black hole (g,A) is obtained by substituting (m, l) by
(sm, sl) in (18), with s ∈ [0, 1].
Because A
(s)
µ = A¯µ for all s, the mass
E ≡
∮
S
K ∂
∂t
,0 (19)
of the black hole comes from the gravitational part only
E = −
[∮
S
KK∂
∂t
]g
g¯
−
∫ 1
0
ds
∮
S
∂
∂t
·Θ[hs; gs]
=
3π
4
m− 8πj2m2 − πj m l. (20)
3Unlike the 5 dimensional Kerr black hole [11, 13], the
mass of which is recovered for j = 0, we also see that
the rotation parameter l brings a new contribution to
the mass with respect to the Schwarzschild-Go¨del black
hole.
Note that the integral over the path is really needed
here in order to obtain meaningful results, because the
naive application of the Abbott-Deser, Iyer-Wald or
Regge-Teitelboim expressions gives as a result
Enaive =
∮
S
k ∂
∂t
,0[g − g¯, g¯] = 8πm2j4r2 +O(1), (21)
which, as pointed out in [16], diverges for large r. A
correct application consists in using these expressions to
compare the masses of infinitesimally close black holes,
i.e., black holes with m+ δm, l+ δl as compared to black
holes withm, l. Indeed,
∮
S
k ∂
∂t
,0[δg, g] = δE , with E given
by the r.h.s of (20), which is finite and r independent as
it should since dk ∂
∂t
,0[δg, g] = 0. Finite mass differences
can then be obtained by adding up the infinitesimal re-
sults. This procedure is for instance also needed if one
wishes to compute in this way the masses of the conical
deficit solutions [25] in asymptotically flat 2+1 dimen-
sional gravity.
Because our computation of the mass does not depend
on the radius r at which one computes, one can consider,
if one so wishes, that one computes inside the velocity of
light surface. Similarly, if one uses this method to com-
pute the mass of de Sitter black holes, one can compute
inside the cosmological horizon, and problems of interpre-
tation, due to the fact that the Killing vector becomes
space-like, are avoided.
The expression for the angular momentum
J φ ≡ −
∮
S
K ∂
∂φ
,0 (22)
reduces to
J φ =
[∮
KK∂
∂φ
]g
g¯
+
[∮
Qem∂
∂φ
,0
]A,g
A¯,g¯
=
1
2
πml − πjml2 − 4πj2m2l, (23)
while the angular momenta for the other 3 rotational
Killing vectors [7] vanish.
The electric charge picks up a contribution from the
Chern-Simons term and is explicitly given by
Q ≡ −
∮
S
K0,1 =
[
Qem0,1 + λJ
]g,A¯
g¯,A¯
= 2
√
3π jml. (24)
In particular, it vanishes for the Schwarzschild-Go¨del
black hole.
Generalized Smarr formula and first law. Consider a
stationary black hole with Killing horizon determined
by ξH = k + Ω
H
a m
a, where k denotes the time-like
Killing vector, ΩHa the angular velocities of the horizon
and ma the axial Killing vectors and let E = ∮S Kk,0,
J a = − ∮
S
Kma,0. As in [24], the generalized Smarr re-
lation then follows directly from the identity∮
S
KξH ,0 =
∮
H
KξH ,0 (25)
where H is a n − 2 dimensional surface on the horizon.
Indeed, the definition of ξH and the charges imply
E − ΩHa J a =
∮
H
KξH ,0. (26)
Because A
(s)
µ = A¯µ, the r.h.s becomes
∮
H
KξH ,0 = −
[∮
H
KKξH
]g
g¯
−
[∮
H
QemξH ,0
]g,A¯
g¯,A¯
+
∮
H
CξH ;γ ,
CξH ;γ = −
∫ 1
0
ds ξH ·Θ[h(s); g(s)]. (27)
Now, − ∮H KKξH [g] = κA8π , where κ is the surface gravity
and A the area of the horizon, while −
[∮
H Q
em
ξH ,0
]g,A¯
g¯,A¯
=
ΦHQ, where ΦH = −(ξH · A) is the co-rotating electric
potential, which is constant on the horizon [13, 15]. We
thus get
E − ΩHa J a =
κA
8π
+ΦHQ+
∮
H
KKξH [g¯] +
∮
H
CξH ;γ . (28)
In order to apply this formula in the case of the black
hole (18), we have to compute the remaining quantities.
The radius rH and the angular velocities Ω
H
φ and Ω
H
ψ are
solutions of[
∂ξ2
∂Ωφ
]
rH ,ΩHa
= 0,
[
∂ξ2
∂Ωψ
]
rH ,ΩHa
= 0,
[
ξ2
]
rH ,ΩHa
= 0.(29)
Defining for convenience α = (1−8j2m)(1−8j2m−8jl−
2m−1l2) and β = 1− 8j2m− 4r2Hj2 + 2ml2r−4H , we find
r2H = m− 4jml− 8j2m2 +m
√
α
ΩHφ = 4
j +mlr−4H
β
, ΩHψ = 0.
The electric potential is given by ΦH = −(ξH · A¯) =
−
√
3
2 jr
2
HΩ
φ
H . The area and surface gravity of the horizon
are
A = 2π2r3H
√
β, κ =
2m
√
α
r3H
√
β
. (30)
For the Go¨del-Schwarzschild black hole, we recover the
results of [7, 16]:
r2H = 2m(1− 8j2m), A = 2π2
√
8m3(1 − 8j2m)5,
ΩHφ =
4j
(1− 8j2m)2 , κ =
1√
2m(1− 8j2m)3 .
4Using
∮
H
KKξH [g¯] = −πj2r4H − πj3r6HΩHφ , (31)∮
H
CξH ;γ =
πm
4
− 4πj2m2 − πjml + 2πj2mr2H , (32)
together with the explicit expressions for all the other
quantities, one can verify that the generalized Smarr for-
mula (28) reduces indeed to an identity.
We can also compare with the generalized Smarr for-
mula derived for asymptotically flat black holes in 5 di-
mensional supergravity [13]: for the Go¨del type black
hole (18) we get
2
3
E − ΩaJ a − κA
8π
− 2
3
ΦHQ = −2π
3
jm(2jm+ l). (33)
The right hand side, which vanishes when j = 0, de-
scribes the breaking of the Smarr formula for asymptoti-
cally flat black holes due to the presence of the additional
dimensionful parameter j. This is somewhat reminiscent
to what happens for Kerr-AdS black holes [12]. In the lat-
ter case, different values of the the cosmological constant
Λ describe different theories because Λ appears explic-
itly in the action. Even though this is not the case for
j, we have also taken j here as a parameter specifying
the background because all charges have been computed
with respect to the Go¨del background.
As for Kerr-AdS black holes, the spinning Go¨del black
hole satisfies a standard form of the first law. Indeed,
using the explicit expressions for the quantities involved,
one can now explicitly check that the first law
δE = ΩaδJ a +ΦHδQ+ κ
8π
δA (34)
holds. As pointed out in [12], the validity of the first
law provides a strong support for our definitions of to-
tal energy and angular momentum. Furthermore, in the
limit of vanishing j, we recover the usual expressions for
5 dimensional asymptotically flat black holes.
Discussion. In the case of the non-rotating Go¨del
black hole, l = 0 = J φ = Q, the parameterization
M∗ = 2m−16j2m2, β∗ = 2j1−8j2m suggested by the anal-
ysis of [26] allows one to write a non anomalously broken
Smarr formula of the form 23 E∗ = κA8π , where E∗ = 3π8 M∗,
with κ and A unchanged. With E∗ as the energy and
β∗ the fixed parameter characterizing the Go¨del back-
ground, the first law is however not satisfied.
A way out, in the case l = 0, is to consider the Killing
vector k′ = (1 + β∗2M∗)−2/3 ∂∂t . The associated energy
is E ′ ≡ ∮S Kk′ = 3π8 M∗(1 + β∗2M∗)−2/3. The first law
now holds and in addition, with κ′ defined with respect
to k′, so does the non anomalously broken Smarr formula
2
3 E ′ = κ
′A
8π . Furthermore, it turns out that the prefactor
acts as an integrating factor and the first law is verified
for variations of both M∗ and β∗.
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